One of the five cases of a quadratic Hamiltonian, which were selected in nlin.SI/0405066 by the Kovalevskaya-Lyapunov test, does not pass the Painlevé test for integrability.
Introduction
Recently, Sokolov and Wolf [1] applied the Kovalevskaya-Lyapunov test for integrability to a class of quadratic Hamiltonians and selected in this way five cases, of which three cases were previously known to be integrable and one case turned out to be a new integrable Hamiltonian on so(3, 1) with an additional sixth-degree integral. Integrability of the fifth case remained unknown, and the authors of [1] wrote the following:
Case e) is a mysterious one. We have verified that the Hamiltonian has no polynomial additional integrals of degrees not greater than 8. On the other hand, on all Kowalewski solutions all Kowalewski exponents are integers. It would be interesting to verify whether the equations of motion in the case e) satisfy the standard Painleve test.
In the present short note, we apply the Painlevé test for integrability to this 'mysterious' case e) and show that it must be nonintegrable due to some movable logarithmic branching of solutions. We use the Ablowitz-Ramani-Segur algorithm of singularity analysis [2] .
Painlevé test
We are going to show that the system of six ODEṡ
where the dot denotes d dt and a is a parameter, must be nonintegrable unless a = 0. The system (1) represents the equations of motion in the case e) of the Hamiltonian studied in [1] . Our notations m i , g i and a correspond to M i , γ i and a 3 used in [1] , respectively, whereas for the nonzero parameter a 1 of [1] 1 we have set a 1 = 1 by rescaling m i .
Assuming that a = 0 in (1), and using the expansions
we find the following singular branches and positions of resonances in them 2 :
g 10 = −a, g 20 = ∓ √ −1 − a 2 , g 30 = 1, r = −1, 0, 1, 2, 2, 2;
(3) 1 Note that there the case e) with a 1 = 0 falls under the case a) which possesses a linear additional integral. 2 We do not consider the possibility of a 2 = −1, because it corresponds to the case of κ = 0 (the Lie algebra e(3)) which was not studied in [1] . and α i = β i = −1, i = 1, 2, 3,
g 10 = a, g 20 = ± √ −1 − a 2 , g 30 = −1, r = −2, −1, 1, 2, 2, 4.
(4)
Let us look at the branch (3) first. According to the positions of resonances, this branch must be a generic one. We see, however, that the position of one resonance is r = 0 there, whereas all the coefficients m 10 , m 20 , m 30 , g 10 , g 20 and g 30 turn out to be fixed. This means that, in the case of (3), the recursion relations for the coefficients of the expansions (2) have a nontrivial compatibility condition right in the position r = 0, and we have to modify (2) by introducing additional logarithmic terms, starting from the terms proportional to φ −1 log φ. Suppose we do not do this and think that the branch (3) represents not the general solution but a class of special solutions. Then we find that no compatibility condition appears at the resonance r = 1, where the coefficient m 11 remains arbitrary. However at the triple resonance r = 2, where the coefficients m 12 , m 22 and g 12 remain arbitrary, the nontrivial compatibility condition m 11 = 0 appears, and we again are forced to introduce logarithmic terms into the expansions of solutions.
The branch (4) gives us the same information: solutions of the system (1) with a = 0 possess movable logarithmic singularities. In this branch, the nontrivial compatibility condition m 2 11 2a √ −1 − a 2 2 + a 2 2 m 12 + 2 + a 2 2 3 + 2a 2 m 22 + 4 + 9a 2 + 5a 4 m 2 11 = 0 (5) appears at the resonance r = 4. Consequently, the system (1) with a = 0 does not pass the Painlevé test for integrability.
The case of (1) with a = 0 is different: it passes the Painlevé test well, as one can verify easily. However the fact of integrability of the system (1) with a = 0 is not new: in [1] , the case e) with a 3 = 0 falls under the case c) with a fourth-degree additional integral 3 .
